Abstract-An online method for obtaining smooth, jerk-bounded trajectories has been developed and implemented. Jerk limitation is important in industrial robot applications, since it results in improved path tracking and reduced wear on the robot. The method described herein uses a concatenation of fifth-order polynomials to provide a smooth trajectory between two way points. The trajectory approximates a linear segment with parabolic blends trajectory. A sine wave template is used to calculate the end conditions (control points) for ramps from zero acceleration to nonzero acceleration. Joining these control points with quintic polynomials results in a controlled quintic trajectory that does not oscillate, and is near time optimal for the jerk and acceleration limits specified. The method requires only the computation of the quintic control points, up to a maximum of eight points per trajectory way point. This provides hard bounds for online motion algorithm computation time. A method for blending these straight-line trajectories over a series of way points is also discussed. Simulations and experimental results on an industrial robot are presented.
I. INTRODUCTION

I
T IS WELL established that limiting jerk in manipulator trajectories is important for reducing manipulator wear and improving tracking accuracy and speed [1] - [4] . Limitation of jerk (and, proportionally, torque rate) results in smoothed actuator loads [3] . This effectively reduces the excitation of the resonant frequencies of the manipulator, and consequently, reduces actuator wear [1] . Low jerk trajectories can be tracked faster and more accurately [5] . In addition, in certain applications, it is important that the manipulator motions be smooth. For example, a robot moving a tray of test tubes filled with fluid must move smoothly to avoid spillage. Fluid and aerosol deposition (e.g., gluing, spray painting) are further examples of applications in which smooth motion is of importance.
The method developed herein is intended for online use with industrial robots. Therefore, time optimality is important for economic reasons. As well, in order for the trajectory to be implemented in real time, the method must have a low computational complexity. Initial work in robot motion planning focused mainly on time optimality [6] . Geering et al. [7] showed that the unconstrained time-optimal trajectory was either bang-bang or bang-singularbang. For path-constrained time-optimal motion (PCTOM), Bobrow et al. [8] and Shin and Mckay [9] showed that the optimal parameterized path was also bang-singular-bang, and Chen [10] proved that all optimal paths must be saturated in at least one actuator at all times. The standard approximation of this motion is to use a linear segment with parabolic blends (LSPB)-type trajectory with carefully selected switching points, or to approximate the time-optimal motion with splines [5] , [8] . In [5] , a method for calculating smooth and time-optimal path constrained trajectories was presented. The smooth and time-optimal motion was obtained by optimizing a base trajectory subject to actuator torque and torque rate limits. It was shown experimentally that trajectory smoothness improved tracking by the controller and the resulting motion was implemented faster than both a quintic polynomial trajectory and a PCTOM trajectory. However, this method (as well as other optimization methods) has a large computational load and is not suitable for online use.
Cubic splines are often used in smooth trajectory generation [4] , [11] , [12] . Higher order polynomials are generally not used due to their tendency to oscillate and, therefore, to generate retrograde motion [4] , [12] . Cao et al. [11] optimized a piecewise cubic polynomial spline to obtain a smooth and time-optimal constrained motion. Chand et al. [12] used polynomial splines to interpolate between joint target points. However, these methods do not allow for the specification of a jerk limit. In [4] , a global minimum-jerk trajectory was found using cubic splines. However, in this method, the motion time must be known a priori. Jeon et al. [13] proposed a method in which sine profiles are used to obtain the appropriate acceleration and deceleration characteristics. For predefined motions, coefficients are calculated and stored in advance. Using these coefficients, scaled velocity profiles are generated online.
Implementation of pure time-optimal motion with torque limits is problematic. Direct tracking of a time-optimal trajectory leads to joint vibrations and overshoot of the nominal torque limits [5] . Dahl [14] used a secondary path velocity controller to modify a nominal minimum time velocity profile online, which resulted in good utilization of the available torque range and good path tracking. Kieffer et al. [15] developed a complex computed torque-based controller to attempt to track the PCTOM while limiting actuator chatter. However, these controller-based approaches are not necessarily a practical choice for industrial robots, which typically utilize closed or proprietary controllers.
An alternative approach is to design smooth trajectories that approximate optimal motion, yet do not inherently require the high torque rates associated with the switching points of torque bounded time-optimal motion. This approach is effected by implementing jerk limitation.
A. Overview of the Trajectory Planner
In a typical industrial robotic manipulator setup, the user or task-planner provides the trajectory-planner with a series of way points, in task or joint space, through which the manipulator should travel. An automated task planner may also provide a desired speed for each way point, usually as a percentage of the maximum allowable speed, depending on the nature of the task associated with each way point.
The trajectory planner computes a reference trajectory through these points. A window of way points is planned at one time. It is often required, especially in task space, that straight-line paths are followed between the way points. About each way point, blends may be used to connect the straight-line paths. In this case, the user or task planner must also specify how closely the manipulator must approach the way point before the blend may commence. As such, it is not necessary to stop at every way point, and a significant speed can be reached along the extended trajectory. The high-level portion of the trajectory planner checks the way points, assigns specific velocities to these points, and then calls the trajectory generator to calculate the trajectory based on the type of motion the task planner requires. The trajectory planner must moderate between the path speed and accuracy demands of the user, and the kinematic limitations of the robot. For example, in the case where an automated task planner provides a steady stream of way points online, the trajectory planner may be required to adjust the demanded speeds such that the robot is able to stop at the last way point provided, in case no further points appear. This last segment may be later replanned as new way points are provided. Completed portions of the trajectory are sent to the controller, Fig. 1 . Details of the high-level trajectory planner are described in [16] .
The trajectory generator described herein is a key portion of the overall trajectory planner shown in Fig. 1 . The trajectory generation functions calculate a set of quintic control points. These points provide the end conditions of a string of quintics that describe a trajectory between two way points. The control points are assigned time, position, velocity, and acceleration values. The way points provide the position and desired speed conditions for the start point of the first quintic and the endpoint of the last quintic. A separate function, the set-point generator, then computes the command that is sent to the controller at every sampling interval. This provides a fast method of computing a trajectory between many way points, since the controller commands are only computed once.
B. Proposed Trajectory Generation Method
In this paper, a new method of generating the trajectory between the way points is proposed. The constraints on the problem are the kinematic limits (velocity, acceleration, and jerk limits, if available) of the actuators as given by the manipulator manufacturer. Most manufacturers provide velocity limits for both joint-space motion and for task-space motion (i.e., straight-line path motion limits). Acceleration and jerk limits are important for trajectory design, but in practice, these may have to be established through experimental trials or specifically requested from the manufacturer.
The methodology is based on providing bounded jerk motion. It computes, in real time, a point-to-point trajectory with up to eight quintic control points unique to the required path (Section II-E, Case 2). Unlike approaches that use time-scaled polynomials, this approach mimics the ideal (but unattainable with jerk limitations) behavior of an optimal LSPB trajectory for the path-a typical industrial standard. It is shown that the maximum jerk, acceleration, and speed limits are respected while achieving near-optimal LSPB and online performance. The method takes advantage of the inherent smoothness of quintic polynomials and their fast computational properties, while avoiding their major drawback, namely, their tendency to oscillate. In particular, the proposed method efficiently computes the quintic endpoint conditions such that the overall trajectory is near-time optimal, yet respects all kinematic limits.
In Section II, the building blocks necessary for generating a jerk-bounded trajectory are provided. This section also presents the method used to avoid oscillation of the quintics. At the conclusion of this section, the developed components are used to generate a one-dimensional trajectory between two way points, and the computational cost of computing these trajectories is discussed. In Section III, an approach for generating jerk-limited blends between these straight-line trajectory segments, is described. In Section IV, simulation and comparative experimental results are given for way point-to-way point motions using two industrial robots. In addition, a multiple way point implementation carried out on an industrial robot is provided to demonstrate how the method described herein can be used with more complex paths.
II. DESIGNING TRAJECTORIES
A. Terminology
Here, various terms are used to describe the trajectory segments. These terms are modified by the parameter that they describe, and are depicted in Fig. 2 .
1) Ramp: a change in any parameter. For example, a speed ramp would imply a change in speed. 2) Cruise: indicates no change in the relevant parameter, e.g., a speed cruise is a constant speed segment. 3) Pulse: composed of a ramp-up followed by a ramp-down. 4) Sustained pulse: composed of a ramp-up, a cruise, followed by a ramp-down.
B. Methodology
LSPB trajectories switch between maximum, minimum, and zero acceleration to achieve time-optimal motion while respecting speed limits. However, this type of motion results in infinite jerk, and as a consequence, is not easily tracked, resulting in a longer motion time than expected. If this type of motion could be approximated using a series of smooth functions that are at least C continuous, that is, continuous in its second derivative, the resulting motion would be fast and trackable.
Fifth-order polynomials (quintics) are the lowest order polynomials for which it is possible to specify the endpoint positions, speeds, and accelerations
(1) The end conditions of the quintics must be carefully specified in order to avoid nonmonotonic position profiles, as can be observed with higher order polynomials [4] , [12] . This can occur, for example, when the demanded positional change is small, but the demanded speed change, or the endpoint speed magnitude(s), is comparatively large. In order to meet the demanded end conditions, the quintic polynomial will reverse directions (oscillate) along the path.
A quintic polynomial provides a quadratic jerk profile, as opposed to a cubic polynomial, which provides a constant jerk profile. At a minimum, a cubic trajectory will result in jerk discontinuities, and potentially, infinite jerk, at trajectory way points. Andersson [17] used quintics for stop point-to-stop point motion, and derived the quintic motion time such that speed and acceleration limits are respected. It is also possible to ensure that jerk limits are respected. However, extending this work to cases where the initial and/or final speeds are nonzero would require repeatedly solving a third-order equation. Furthermore, the resulting trajectory will be slower than the one proposed herein, and may have a number of undesirable oscillations.
By assigning appropriate start and end conditions to the quintics, a smooth trajectory joining two specified way points can be found, while satisfying acceleration continuity (limited jerk) at the trajectory endpoints. That is, a trajectory between two way points is formed as a series of linked quintics, with each quintic having initial conditions equal to the end conditions of the previous quintic. Thus, such a trajectory has C continuity.
Between the way points, it is desirable to have the quintics follow the ideal LSPB trajectory template without oscillation effects. This requires careful selection of a series of control points between which the quintics will behave in a prescribed manner, respecting speed, acceleration, and jerk limits. The trajectory follows a LSPB pattern; that is, it is still formed as a series of speed ramps and speed cruise segments. However, the speed ramps are no longer linear, and now acceleration ramps are generated using a sine-shaped template to constrain the cubic acceleration profile.
The sine wave template provides a constant relationship between its amplitude and the maximum value of its derivative. Selecting the time for acceleration and deceleration ramps based on a sine wave with appropriate properties allows the jerk limits to be respected. The resulting acceleration/deceleration ramp is smooth and constrained to approximate the sine template in the position, velocity, and acceleration domains.
C. General Approximation of a Square Acceleration Wave
In this section, the method used to construct a smooth onedimensional trajectory between two way points, ( ) and ( ), is developed. It is based on using a concatenation of quintics and the sine wave approximation (Fig. 3) . In this example, the required change in position during the speed ramp is smaller than the distance between the two way points, allowing the robot to achieve the maximum speed, . The limiting acceleration is and the maximum allowable jerk is . In Fig. 3 , and are, respectively, the initial and final positions, and and are the initial and final speeds. is the speed reached at the end of the ramp from zero acceleration to . is the time taken to ramp-up to . is the speed reached at the end of the acceleration cruise. Four quintics (and five control points) are necessary to describe the trajectory shown in Fig. 3 : the acceleration ramp-up quintic, the acceleration cruise quintic, the acceleration ramp-down quintic, and the speed cruise quintic.
The sine wave template for the acceleration ramp-up has an amplitude equal to half the acceleration limit,
, and maximum slope equal to , the maximum jerk. By following this ramp for one-half period, the quintic trajectory can ramp-up smoothly without violating acceleration or jerk limits. The time allotted for the ramp is, therefore
This acceleration ramp template limits the acceleration along the trajectory to the interval [ , ] and the jerk to the interval [ , ] . The jerk profile imposed by the template during the acceleration ramp is parabolic, and starts and ends at 0.0505
. Therefore, the jerk profile between ramps is discontinuous at the quintic control points. This discontinuity is, at most, 10% of the jerk limit, . In Fig. 3 , the acceleration ramp-up to is followed by an acceleration cruise and then by an acceleration ramp-down to zero acceleration. The ramp-down begins when the remaining desired change in speed is equal to , where
The acceleration ramp-up and ramp-down are symmetrical, which simplifies the integration process. The speed ramp is also symmetrical about a straight line drawn from the start of the ramp to the end of the ramp.
The corresponding LSPB trajectory time for the same speed and position change is smaller than the quintic trajectory time (by , but the quintic trajectory has bounded jerk, and is, therefore, trackable.
The quintic control points corresponding to the speed ramp are determined as specified in the sustained acceleration pulse (SAP) algorithm given in Appendix A.
To generate the entire trajectory depicted in Fig. 3 , the quintic control points are calculated based on the SAP algorithm. A fifth quintic control point corresponding to the end of the speed cruise is also necessary.
D. Distance and Change in Speed Limitations
It is possible, for a short travel distance, , between way points and , that an acceleration pulse of will result in an overshoot of the distance . This is the case when (4) where (5) Furthermore, if the desired change in speed, is such that (6) where (7) then an acceleration pulse of will overshoot the desired speed change, . In both cases, the maximum allowable acceleration, , cannot be reached without overshooting a prescribed trajectory limit ( or ). In such cases, the method used in Section II-C must be modified. The motion is now based on an acceleration ramp-up to a lower acceleration, , and then an immediate ramp-down to zero acceleration, i.e., an acceleration pulse of . This is followed by a speed cruise, if necessary. If and , then only the desired distance is limiting. In this case, the equation describing the distance, , can be found through integration of the jerk, acceleration, and velocity profiles (8) where is the time necessary to ramp-up to . Thus, can be found by solving (9) Equation (9) has only one positive real root in (as long as ), which can be found directly [18] or via a Taylor series approximation in an average of 1.5 iterations.
The peak acceleration, , is
If and , then only the desired change in velocity is limiting. In this case, the time necessary to ramp-up to can be calculated from (11) In the case of a motion limited by distance or speed, three quintics are necessary to describe the motion between two way points: the acceleration ramp-up quintic, the acceleration ramp-down quintic, and, in the case of limitation by velocity, the speed cruise quintic. A sample trajectory for the speed-limited case is shown in Fig. 4 .
To generate the entire trajectory depicted in Fig. 4 , the first three quintic control points are calculated based on the acceleration pulse algorithm given in Appendix B. A fourth quintic control point (corresponding to the end of the speed cruise phase) is assigned based on the remaining distance (12)
E. Trajectory Generation Between Two Way Points
The methods described above are combined to generate a smooth trajectory between two way points, depending on the end conditions of each point. Each way point provided has a specified position and speed, while the acceleration at each of these way points is set to zero to ensure bounded jerk and reduce the computational burden.
A one-dimensional trajectory linking any two given way points is calculated based on the distance between the points, the speeds that must be achieved at each of the way points, as well as the acceleration and jerk limits.
In the following cases, let be the distance between the two way points, and ; , be the desired speeds at points 1 and 2, respectively; and let the speed limit, , be the highest allowable speed when traveling between points 1 and 2. Again, the maximum allowable acceleration is and the limiting jerk is . If , the speeds are interchanged such that all motions can be treated as speed increases. The appropriate modifications are then made at the end of the trajectory calculations. This allows all motions to be separated into three categories based on speed.
Case 1: : In order for the motion to be carried out as rapidly as possible, the motion begins with an acceleration phase.
IF
[cf. (5)] and [cf. (7)], The SAP trajectory (Section II-C, Appendix A) is used.
ELSE
The acceleration pulse trajectory (Section II-D, Appendix B) is used.
Case 2:
: Several scenarios are possible based on the distance, , and the speeds , , and .
1) IF the distance necessary to ramp from to , , is greater than , set . Go to Case 1. 2)
, cf. Fig. 5 . A minimum distance, , is calculated. is the minimum distance necessary to be able to use sustained acceleration pulses when ramping from to and then from to . is the maximum speed reached by an acceleration pulse from at . The calculation of is shown in Fig. 5 . is compared to to determine whether the planned trajectory will be composed of acceleration pulses or sustained acceleration pulses.
2a)
-Use sustained acceleration pulses. Sustained acceleration pulses are used to generate speed ramps from to and then from to , where is the maximum speed reached during the trajectory between and .
IF is sufficiently large, , and a speed cruise at is necessary. ELSE , and the acceleration cruises corresponding to the speed ramps to and from are shortened based on , as shown in Fig. 6 . 2b) -Use at least one acceleration pulse. In this case, it can be shown that . is based on a speed ramp from to , followed by a speed pulse from to and back down to , as shown in Fig. 7 . This calculated value for is then used to generate the actual trajectory, consisting of a speed ramp from to , a speed cruise at , followed by a speed ramp from to . This calculation provides an efficient solution to this case over a more computationally expensive (fourth-order equation) solution for an optimal subject to the constraints of , , , , and . 3)
[cf. (7)] In this case, an acceleration pulse is needed for the ramp-down from to . As in Case 2, a limiting distance is calculated, this time based on . IF is sufficiently large, . A speed ramp is used to reach from , and a speed cruise segment at is added. ELSE Case 2b above is used.
Thus, for Case 2, the trajectory is composed of a speed ramp from to , a speed cruise at , if necessary, followed by a speed ramp from down to . A maximum of seven quintics (eight quintic control points) can be used to describe the trajectory linking the two way points. Namely, a maximum of three quintics for the speed ramp from to , a speed cruise quintic, and up to three quintics for the speed ramp from to .
Case 3:
, : Case 3 is trivial. It results in the coefficients of (1), being set equal to zero. That is, (1) becomes a first-order polynomial.
F. Computational Considerations
Once the quintic control points (i.e., the end conditions of each quintic and the time corresponding to each quintic) have been calculated via the algorithms provided herein, it is necessary to determine the coefficients [ in (1)] corresponding to each quintic. By taking the first and second derivatives of (1) with respect to time, six equations can be derived. Since the position, speed, and acceleration are known at the start and the end of each quintic, the system of six equations and six unknowns (the quintic coefficients) can be solved. This system is (13) where are the time, position, speed, and acceleration at the start of the quintic, similarly, are the time, position, speed, and acceleration at the end of the quintic, and are the unknown quintic coefficients. To simplify this system, is set to zero. The top of the matrix becomes diagonal and the system is reduced to a system of three equations and three unknowns, which is suitable for solving on a digital signal processor (DSP)-based trajectory planner.
There are no transcendental calculations involved in the calculation of the quintic control points needed to describe the trajectory between two way points. The most complex operation necessary is a cubic root, used in the case described in Sections II-D and II-E (Case 2b). The limiting case, computationally, is that described in Section II-E, Case 2, where seven quintics may be necessary. In this case, a maximum of 478 floating point operations is required to determine the quintic control points. Thus, this method meets the low computational complexity requirement.
III. APPLICATION TO A MULTIPOINT TRAJECTORY PLANNER
Using the methods described in Section II, a series of trajectory segments can be planned. For segments described in task space, straight line, parameterized paths are followed in Cartesian space. Straight-line motion was chosen in task space, since it is most suitable for industrial manipulator point-to-point operations. If, instead, curved paths are used, the kinematic limits must be modified to reflect the curvature of the path at every instant.
The straight-line path is parameterized in terms of time (14) where and are, respectively, the initial and final position vectors of the path, and is the trajectory generated using the algorithm described herein. The quintic, , starts at zero and ends at . Limits are placed on the trajectory derivatives, , , and . These limits are, respectively, the Cartesian speed, acceleration, and jerk limits.
When changing direction between two straight-line segments, blends can be used. In this paper, the method in [19] is used to provide a smooth transition between any two straight-line segments that are predefined in -dimensional space.
As indicated above, straight-line paths have the benefit of null normal acceleration and jerk components: all velocity, acceleration, and jerk components are tangent to the path and are equivalent to the trajectory velocity, acceleration, and jerk. During the blends, the normal components are no longer null, and must be considered. [16] describes in detail how the method in [19] is extended to incorporate acceleration and jerk limits on the blended trajectory. A brief description is included herein for completeness.
In [19] , a blend is used to connect two trajectory polynomials, and . In that work, it is assumed that and are also smooth functions. Herein, since the proposed straight-line trajectory planning method between the blends enforces zero-acceleration end conditions, and can be assumed to be constant velocity straight-line trajectories, with no loss of acceleration continuity during the transition from straight-line motion to blend (acceleration is zero at the transition).
Let the blend about way point start at point and end at point . These points have corresponding velocities and . The blend between the two trajectories and is designed in parameterized space with a new nondimensional time coordinate (15) such that the blend occurs in the interval [0, 1]. In (15) , is the time parameter, is the time at which the trajectories intersect, and is half the time allowed for switching between the two paths.
Following from [19] , the two polynomials are represented by linear paths during the transition interval, such that (16) (17) where and are, respectively, the position at and direction of , and are intersecting paths defined within the interval [0, 1]. To ensure that the transitions between , , and the blend are smooth, the blend polynomial, , must satisfy the following boundary conditions:
where the acceleration at the start and end of the blend is set to zero as indicated above. Then, the blend function is defined as (20) where
and is the parameter that controls the amount of acceleration compensation to apply. The resulting blend function is a sixthorder polynomial, if and are first-order polynomials. The start and end position of the blends are given through the definition of a "tightness distance" variable, . The tightness is a measure of how closely the trajectory must approach a given way point before blending to the trajectory associated with the next way point can begin. A large tightness allows the manipulator to quickly pass through a series of points by "cutting" the corners at the way points. A small tightness distance indicates that following the straight-line path is of higher importance than quickly traveling past the way points. Zero tightness indicates that unless the adjoining paths are colinear, the trajectory must stop at the intermediary way point (to avoid a discontinuous velocity profile).
Herein, the start and end speeds of the blend are required to be equal, i.e.,
, and are nominally set to the magnitude, , equal to the speed associated with the way point. As a result, the blend is symmetrical about its midpoint and it is relatively simple to limit the jerk and acceleration during the blend. In [16] , analysis of the critical points of from (20) shows that the maximum acceleration occurring during the blend is (24) where (25) It is, therefore, possible to ensure that the blend acceleration is limited by bounding the speed at the start and the end of the blend. That is, the maximum speed at which the blend can be started and ended, , subject to the maximum path acceleration, , is
A similar analysis of shows that the maximum jerk during a blend occurs at the start and the end of the blend and is given by (27) Furthermore, the speed can be limited such that the maximum blend jerk is equal to the maximum allowable jerk,
Thus, the maximum speed with which a blend can be started (or ended) while respecting the jerk and acceleration limits is (29) where is a function returning the smaller of the two speeds. This limit is used by the trajectory planner to constrain the blend given by (20) , and to set the maximum speeds at the endpoints of the straight-line trajectories between the blended way points. This approach allows the trajectory planner to maximize the speed of the manipulator over the assembled straight line-plusblends trajectory.
Blending was not used in the orientation domain since it is computationally intensive. This is due to the nonlinear aspect of the orientation angles, which makes matching of end conditions complex. Instead, a quintic is used to provide the trajectory for the orientation, based on a quarternion (axis/angle) representation of the orientation, and the rotational velocity and acceleration are set to zero at each way point (in the middle of the Cartesian blend). Although the rotational motion stops at each way point, the Cartesian motion typically does not stop at each way point, unless very short Cartesian motions with large orientation changes are required. In this case, it is usually desirable for the positional motion to be slow or stopped at the way point, and the time required to make the orientation motion will be imposed on the planned Cartesian trajectory. An overall view of the composed translation-plus-orientation trajectory shows that the manipulator does not completely stop moving. Only the axes solely related to the rotational motion stop at each way point.
This axis/angle approach for orientation motion is particularly desirable for a number of typical industrial manipulator motions, such as screwing, turning, and pouring, where it is important that the end-effector rotate about a single axis. However, setting the start and end rotational velocities and acceleration to zero does not provide the most time-optimal solution. It does make the superimposition of the orientation and Cartesian trajectory components tractable for online computation of the overall workspace motion. An example of a task space, multiple straight-line path with blends is provided in Section IV-C.
Planning in joint space is done in a similar manner to planning the task space Cartesian motion. That is, the trajectory is planned along straight-line paths in -dimensional joint space connected with blends (where is the number of actuators). A straight line joint-space path is used because it is the shortest path between the two joint-space points. Furthermore, the timeoptimal motion (considering dynamic limits) between any two points approaches a straight line in joint space [20] . Finally, a straight-line path also allows for coordinated axis motion. All axes reach the way points at the same time, starting and stopping in a coordinated manner.
The straight line joint-space path is parameterized using (14) . Limits are placed on the trajectory derivatives, , , and , by projecting the joint limits onto the straight-line path. For example, for a straight line joint-space motion along a path in the direction of unit vector , the straight-line trajectory speed limit, , is
where are the individual joint speed limits. One can note that, if the straight line requires zero motion for joint , then this joint limit will not affect the trajectory speed limit.
IV. SIMULATION AND EXPERIMENTAL RESULTS
A. Comparison With an Industrial Trajectory
The trajectory generation algorithm presented herein has been implemented in MATLAB [21] . A simple straight line point-to-point motion in Cartesian space is chosen to compare the simulated motion times of three different types of trajectories: LSPB, quintic concatenation, and a single quintic.
The path is given, in parametric form, as mm in mm mm in
The maximum allowable speed, , is 444.5 mm/s (17.5 in/s), the maximum acceleration, , is 2540 mm/s (100 in/s ), and the jerk limit, , is 79 760 mm/s (3140 in/s ), based on a six-axis CRS A465 robot. This data was selected to coincide with experimental results taken from an industrial manipulator using a both a cubic-spline trajectory and the proposed quinticconcatenation trajectory. Fig. 8 shows the simulated and experimental trajectories corresponding to the coordinate of the robot end-effector. The LSPB trajectory has the smallest motion time (Table I) . However, the corresponding jerk is very large, and, therefore, the trajectory may not be tracked accurately by a robot. Using a single quintic that respects the acceleration and jerk limits results in a longer motion time than the quintic concatenation trajectory. The quintic concatenation trajectory is 0.05 s slower than the LSPB trajectory, however, its jerk is limited, allowing the trajectory to be tracked.
Experimental comparison of the quintic concatenation method with a cubic-splining method currently used in industry shows that, although the ability of the controller to track the trajectory (as measured by the positional deviation) is comparable (Fig. 9) , the quintic concatenation trajectory provides a faster motion and a smoother velocity profile (a variance of 27.7 mm /s versus a variance of 1620 mm /s when at the maximum speed). The acceleration and jerk profiles corresponding to the cubic splining and the jerk profile corresponding to the experimental quintic concatenation results are extremely noisy and, therefore, were not included in the plots.
B. Experimental Comparison With Smooth Path-Constrained Time-Optimal Motion
It has been shown that smooth path-constrained time-optimal motion (SPCTOM) with low torque rate limits results in a faster and more accurate motion than an optimal trajectory that does not incorporate torque rate limits [5] . Therefore, the quintic concatenation method was compared to the SPCTOM with low torque rate limits using the positional degrees of freedom (DOF) The SPCTOM trajectory was designed for torque saturation limits of 10 N.m and torque rate limits of 10 N.m/s for each joint. The quintic concatenation trajectory was generated with maximum allowable speed, , of 370 mm/s, maximum acceleration, , of 890 mm/s , and jerk limit, , of 4450 mm/s , resulting in similar torque and torque rate demands.
As can be seen in Fig. 10 and Table II , the two methods are comparable. Thus, the quintic concatenation method, although slightly slower, provides a smooth trajectory, which has the same properties as the SPCTOM, but is much easier to generate. The root mean squared (RMS) tracking errors are due, in part, to backlash and controller model errors related to the physical robot system.
C. Multiple Way Point Example
The trajectory planning method between two way points can be used for multiple way points by joining the straight-line segments with the blends developed in [19] . An example of a planar path with five way points is provided in Fig. 11 .
This path is formed of five straight-line segments joined together by blends (the rounded corners). In this example, the LSPB method and the quintic concatenation method are used to generate the straight-line portions of the trajectories. Jerk-and acceleration-limited blends are used in both cases.
The trial was carried out on the SCORBOT ER VII, with maximum allowable speed, , of 259 mm/s (70% of absolute maximum), maximum acceleration, , of 890 mm/s , and jerk limit, , of 8900 mm/s . As can be seen in Fig. 11 , with the quintic concatenation trajectory, the manipulator was able to follow the reference path adequately, while the manipulator was not able to follow the path with the LSPB trajectory. The higher torque rate demands of the LSPB trajectory (the maximum torque rate was approximately 100% larger than that corresponding to the quintic concatenation trajectory) did not allow joint 3 to follow its reference signal. The LSPB motion time was 7.8 s, while the quintic concatenation motion time was 8.25 s.
V. CONCLUSION
The method presented herein provides a smooth, controlled near time-optimal trajectory for point-to-point motion with jerk limits. It is computationally efficient and has been successfully implemented on a real-time trajectory planner for a six-DOF robotic manipulator. A concatenation of quintics is used to provide a controlled description of the point-to-point trajectory. A sine wave template for accelerations ensures that the quintics do not oscillate. The algorithms necessary for the implementation of this method between two points have been provided, and simulation and experimental results have been presented. A method for blending these straight-line trajectories over a series of way points was also presented. Finally, an example of improved tracking of a multiple way point path was given.
APPENDIX A SUSTAINED ACCELERATION PULSE ALGORITHM (FIG. 3) 1) Calculate the total way point-to-way point distance, . Recalculate from (11) and from (10 
